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Abstract 

It is conjectured that a class of n-fold integral transformations 
{J(a)|a 6 C} forms a mutually commutative family, namely, we have 
I(a)I((3) = I(f3)I(a) for v a, v /3 G C. The commutativity of 1(a) 
for the two-fold integral case is proved by using several summation 
and transformation formulas for the basic hypergeometric series. An 
explicit formula for the complete system of the eigenfunctions for n = 3 
is conjectured. In this formula and in a partial result for n = 4, it 
is observed that all the eigenfunctions do not depend on the spectral 
parameter a of 1(a). 

1 Introduction 

It was pointed out in jl] that a certain class of n-fold integral transfor- 
mations plays an essential role for a study of the vertex operator $(C) for 
Baxter's eight- vertex model [21 El Ej (As for the definition of the inter- 
twiner $(C), see jSl Ej and pQ.) More precisely, in pQ the matrix elements 
($(Ci)$(C2) ■ ■ ■ ^(Cn)) were represented by applying the n-fold integral trans- 
formation to a basic hypergeometric series. (See Eq. (47) of 1J.) The aim 
of the present paper is to investigate the structure of the integral transfor- 
mation to obtain a better understanding of the eight- vertex vertex operator 
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Let us first recall the notations for the integral representation given in 
PP. Let h(() and g(Q be the functions defined by 

9(f) = faMc.ri. (2) 
(<p£ 2 C;g)oo 

Here we have used the standard notation for the g-shifted factorial (jHJ). Note 
that we have slightly modified the definition of h(Q from the one given by 
Eq.(4) in pp. One finds this change in h(Q will simplify our discussion given 
in what follows. 

Let us introduce a space of formal power series of degree zero in variables 
Q (i — 1, 2, • • • , n) corresponding to the positive cone of the A n _i type root 
lattice 




Ai VC, 



n-1 



Note that the matrix elements of the eight-vertex vertex operators belong 
to this space, namely ($(Ci)^(C2) • • - ^(Cn)) £ -^n- Our t as k in this paper 
is to propose an integral operator which acts on jF n , and study some basic 
properties of it. Applications will be considered in the continuations of the 
present paper |S] . 

The central object in the present article is given as an integral transfor- 
mation acting on T n . 

Definition 1.1 Let (s\, S2, ■ • ■ , s n ) G C n and a G C be parameters. Let 
q,t G C be parameters satisfying the condition \qt~ 1 \ < 1. We will assume 
that all these parameters are generic unless otherwise stated. The n-fold 
integral transformation 1(a) = I (a; Si, s 2 , • • ■ s n , q, t) is defined by 

A/ (^~ 1 ;g) o (g;g)oo \ ^ 

xn%/c*)/ -^•••^n 9g(a \ v r k ^ ) 

n lWWJ Ci J Cn2 vrz6 2^ n l\ Q^HQ/Zi) 



n 
k=l 



n^(c*/6)n^/c*) 
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where the integration contours C{ are given by the conditions |Ci/£i| — 1; an d 
the theta function O q (() is given by Mfy) . 

Then our main statement in this article is 

Conjecture 1.2 For v o, v /5 G C, the integral transformations 1(a), I(f3) 
acting on the space T n are mutually commutative 

I(a)I((3) = I(/?)I(a). (5) 

Here the parameters (st, s 2 , ■ • • , s n ), q and t should be fixed, namely Eq.© 
means 

I(a; St,---, s n , q, t)I((3; s x ,---, s n , q, t) 
= J(/3; s ir --, s n , q, t)I(a; s u ---, s n , q, t). 

In Section 2, we will prove the commutativity of the integral transforma- 
tion 1(a) for the case of n = 2 by using some summation and transformation 
formulas for the basic hypergeometric series. 

Theorem 1.3 For n = 2, we have 

I(a)I((3) = I((3)I(a), (6) 

on JF 2 . 

In Section 3, the complete system of the eigenf unctions for n = 3 will be 
conjectured. This gives us a strong support for Conjecture 11.21 for n = 
3, since no dependence on the spectral parameter a is observed in all the 
eigenfunctions. Some evidence for the commutativity for n = 4 will also be 
given. 

Coni ecture 11.21 means that there exists a quantum mechanical integrable 
system whose Hamiltonian is given by the integral operator 1(a). It is an 
interesting problem to relate this quantum mechanical system with already 
known one. This will be considered in the next paper [7j. A Macdonald-type 
difference operator will be introduced and its commutativity with the action 
of 1(a) will be discussed. 

The meaning of the commutativity [1(a), I(f3)} = 0, however, still remains 
unclear from the lattice model point of view. Firstly, we do not understand 
the role of Eq.(j3J) for the characterization of the correlation functions of 
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the eight-vertex model, since the integral operator 1(a) was heuristically 
introduced through the investigation based on the free field representation 
of $(C)- Next, we lack an explanation for Eq.fjSJ) based on the commutative 
family generated by the row-to row transfer matrix of the eight- vertex model. 

The plan of the paper is as follows. In Section 2, a proof of Theorem 
11.31 is given. Several summation and transformation formulas for the basic 
hypergeometric series will be used there. In Section 3, basic properties of the 
eigenfunctions of 1(a) are described. Explicit formulas for the eigenfunctions 
for n = 3,4 will be conjectured and shown that these are independent of 
the spectral parameter a. For n — 3, it gives us the complete system of 
the eigenfunctions. For n = 4, however, only several lower terms will be 
obtained. Concluding remarks are given in Section 4. 

Throughout the paper, we use the standard notations for the g-shifted 
factorials 





(8) 



oo 




(9) 



k=0 



(a; q) 



1 




— n 
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- aq~ 2 ) ■ ■ ■ (1 - aq~ n ) 



aq~ 



(10) 



and the basic hypergeometric series 





We also use the notation for the elliptic theta function as 




(12) 
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2 Proof of Theorem O 

In this section, we prove Theorem 11.31 For the two-fold integral case, the 
integral transformation reads 

/(a)/(Ci,C 2 ) 

= S ((aifv-'! 9)oo (a-^)oo) MCa/Cl) (13) 

^1 cj6 g £ (a£rVHci/a) e g (qg2 1 g^~k2/6) 

27ri6 27ri6 e fl (giriCi/6) e fl ( g *H&/&) 
xff(ei/Ci)5(6/Ci)^(C 2 /ei)^(6/C2)/(ei,6)- 

Let us prove the following theorem which is equivalent to Theorem 11.31 

Theorem 2.1 For the two-fold integral case, the operator 1(a) has the eigen- 
values and eigenvectors: 

/(«)/ J (Ci,C 2 ) = A J (a)/ J (Ci,C 2 ), (14) 
for j = 0, 1, 2, • • where 



A i( a ) = /„„-i^-t.„n /„„-i„^-i.„\ ( 15 ) 



(asr V -1 ; (as^qt' 1 ; q) 3 



(a ^ig;^- (as 2 V -1 ;g)j 

and 

/i(Ci,Ca) 

/^^^ig^rl^sig^r^r 1 

= C J x 4 3 1 1 2 , +1 ;g,*C 17 

Here we have denoted ( = C2/C1 an d s = Si/s 2 for short. 

Since the eigenfunctions fj((i, C2) do not depend on the parameter a and 
our space of series Ti is spanned by {fj((i, C2)\j = 0, 1, 2 ■ ■ •}, we immediately 
see that Theorem 12.11 is equivalent to Theorem 11.31 

Note that we have expressed the eigenfunctions fj(Ci, (2) in two ways by 
using 
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Lemma 2.2 We have 

n \a ( a ' & a / , aM>-aM>a«~\&?~ 1 ,-i i ,, rn 

(l-z) 2 <M , ,;q,zqb =#3 I _i i _i , , ;q,zqb .(19) 

\aqb 1 y \ a2g 2 } — a^q 2, ago -1 1 

Proof. 

LHS = 1 | V] (a,b;q) n /^-lxn^n (a, g)n , ^-i^n+i 

„=i (aqb- 1 ,q;q) n " ^ (ag& _1 , g) n 

» (a,6;g) n (l-^q-og 2 "- 1 ) Mw _ 
" „tl (ag6- 1 ,g;g)„(l-ag^)(l-6g-i)^° j 

□ 

We will see this identity will plays an important role in what follows. 



2.1 monomial basis representation of /(a) 

We represent the action of the integral transformation /(a) in terms of the 
monomial basis { (C2/ Ci)* I* = 0, 1, 2, - - •} of JF 2 . To this end, first we need the 
Laurent series expansion of the function 

® q {q 2 t </£) 

This is given by Ramanujan's summation formula for the iipi series. (Eq. 
(5.2.1) of Gasper and Rahman jjjj, hereafter referred to as GR). 

Lemma 2.3 VFe /ietue 

9(t/0 *\ \-i t J (21) 



(ogg ^gjoo (a x g; g)oo (a;g) 
(9* _1 ;9)oo (g;g)oo (ag* -1 ; g) 



/or |g2t a| < < |g if a |. 

Let us represent the action of 1(a) on a formal power series of the form 

00 

/(&,&) = EWG) J , (22) 
in terms of the basic hypergeometric series 2<Pi ■ 
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Proposition 2.4 Let /(Cij C2) b e above. Then we have 
'(«)/(' 

(i-C) 



/(«)/(Ci,C 2 ) 

(5* _1 C;?)c 



(*C; ?)» 

~ (a- l Sl q k t,t x \ ( asjfV,* , \ 

x S 20i U-w +i;9,gt c J 20i U^v^- i;g,9t C J 

x A fc (a)/,C fe , 
w/iere C = (2/(1- 

Proof. By the g-binomial theorem (Eq. (1.3.2) of GR [0]), we have 

9(0 =S^' *=H (9lH)i ' 



Thus 

LHS 



MC2/C1) fiTTtizjr £ 7 v 1 1 (g**-*Ci/6)' 

J 2tu£i J 2vr< 2 m ^Z (« S 1 9* 5?)r 



/ (71 



(oSg j g)n 

(as 2 V _1 ;<?)r 

i,j,k>0 

i,j,k>o( as i & ,q)-j-k 
x , ft(g*H)'(c 2 /CiV x /fc(C2 /c 1 ) fc 

(as 2 gt ^gji+fc 



=0 



(as 2 V +1 i~ 1 ,g fc ;g)i 

(g- 1 sit,a s2 1 ;g) fc x fc 

T— T-r-(9* C2/C1) /fc 



RHS. 



□ 

To obtain a more useful series expression for 1(a) from Proposition 12 A\ 
we need a lemma. 

Lemma 2.5 We have 



y (cq/b 2 ;q) k (g/b;q) k bk ^ / q- k ,b,bq~ k /c,a ^ N 
kTo ( c q/b;q)k(q;q)k 4 3 \bq- k ,b 2 q~ k /c,aq/b' ' , 

Proof. By using Heine's transformation (Eq. (1.4.3) of GR [9J 
LHS 

/ a, 6 \ / cq/b 2 ,q/b \ 



(25) 
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y (a; g) m (6; g) m (cg/& 2 ; g)n(g/&; gjn r zq i h y*t bz \n 
J^ =0 {aq/b; q) m (q; q) m (cq/b; q) n (q; q) n 

y y (a; q) m (b] q)m (cq/b 2 ; q) k - m (q/b\ q) k - m f zq j b ynt bz \k-m 



x) (cq/b 2 ;q) k (q/b;q) k „ u 



jfcS (cq/b-q) k (q;q) k 
x A (a;q) m (b;q) m (bq- k /c; q) k (q~ k ; q)k m 
m =o ( a ?/ & ; ?)m(g; ?)m (b 2 q~ k /c; q)k(bq~ k ; q) k 
= RHS. 

□ 

Using Lemma l2~5l we can express the action of the operator (1— C 2 /Ci) _1 ^( Q; ) 
by using a terminating and balanced 403 series. 

Proposition 2.6 

i oo i 

— - — J(a)/(&,C 2 ) = EE&/Ci)W* ( 26 ) 
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where 



(q;q)i-j(a 1 s 1 qi+ 1 ; q)i-j 



J \j(<\) 



(27) 



X403 



g l+j ,t,as 1 q~ 
q~ i+ H, as^q-H, asjV'" 1 " 1 * -1 



as 2 1 q j 
-l. 



9,9 



Note that, if we work with the monomial basis {(C2/Ci) l |* = 0, 1,2,-- •} 
and identifying (C2/Ci) fc with the column unit vector *(0, • • • , 0, 1, 0, • • •) hav- 
ing 1 at the fc-th place, we have an infinite lower triangular matrix represen- 
tation of the integral operator 1(a), 



1 - C2/C 



-1(a) 



( 1 

eio 1 

e 2 o e 2 i 1 

e 3 o e 3 i e 32 

V : ; 



(28) 



Because of this lower triangular nature, the action of 1(a) on T n is well 
defined. 

Proof. 



LHS of Eq.jH!) 

(qr l (\ g) 
(*C; 9) 



X 2 01 ^ 

00 00 

EE 

j=0 k=0 



a 1 s l qH,t x N 

_i , +1 ; 9, 9* C 

-1 



Ea^i 

00 j =0 

(qt- 1 ; g)fc(a~ 1 sig j+1 r 1 ; , , fc , , ■ 



, q ,t,as 1 q- 
4<P3 [q-H, as^+H, as^+H^ ' g ' 9 y 

^ (ffjgJi-iCa-^i^ 1 ;?)^ il m 

( q-*+i \t,as± q~ l jas^q-* ^ 



9,9 



RHS of Eg.®. 
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□ 



2.2 properties of the coefficients of the functions /j(Ci, C2) 



Nextly, we need to study some properties of the coefficients of the functions 
/i(Ci) C2) defined by Eq. (fT7j) in some detail, the coefficients of /j(Ci? C2) 



/i(Ci,c 2 )=E^(c 2 /Ci; 



(29) 



i=0 



are given by 



1.1 



(sq 2 i +1 ,szqH 2 ; — 52 qit 2 ,g;g) 



1--3 







(i > 3) 
(* < 3) 



(30) 



where we have denoted s = S1/S2 for short. If we identify the functions 
/j(CijC2)'s with the column vectors *(%■, Cy, C2j, • ■ •) and use {/j(Ci>C2)|j = 
0, 1, 2 ■ ■ •} as our basis of Ti, we may have another matrix representation of 
1(a). With this basis, Theorem 12. II is recast as 



where 



C 



I(a)C = CA(a), 



( 1 

C10 1 

C20 c 21 1 

C30 C31 C 32 



(31) 



/ 



A(a) = diag(Ao(a), Ai(a), A 2 (a), • • • 
We find that all the entries of C~ l can be factorized. 
Proposition 2.7 TTie inverse of C is written as 

( 1 \ 



(32) 



(33) 



C 



-1 



1 

d,20 U21 1 
^30 ^31 ^32 



(34) 
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where 

(sq^+H^^q)^ 



(i > h 



dij = { (s^', g; (35) 
(i<j). 

Proof. It suffices to show 

i 

fc=j 

for i > j. Rewrite the left hand side as djj Z)^o ^ fc+J c k+j,j, an d we realize 
this summation is a terminating very-well-poised 605 series, since 

<kk+j (q~ i+j ,sg l+ i;q)k , 1)k 

<ki (q-^+H-\ S q^+H-^q) k (q 1 ' 

^k+jj / 1 . _1 1 . _1 , " ■ 

(sq^ +L ,S2qn 2,-ssqH 2 ,q;q)k 

One then finds that this series can be summed by using Eq. (2.4.2) of 
GR 0. Thus we have 



~~j c fc+iJ 
k=o "m 

( sq 2j t~\ s^q j+1 t~^ - s ^q j+1 t-^t-\ sq i+j ,q~ i+j 



\s^qH~^, -shqH~^,sq^ +1 , q^+j+H' 1 , sq i+ i+H- 



d 



(sq 2j+1 t-\q- i+j+1 ;q) 



^(sqV+^q-t+i+H'^q)^ 

= s M . 

□ 

Our next task is to study the matrix CA(a)C~ l and compare it with the 
coefficients given in Proposition l2.6l Since we havey realized (1— (^/Ci) -1 ^ ( a ) 
instead of 1(a) itself, we need to modify the function fj(CuC2) accordingly. 
Let us set 

/i(Ci,C 2 ) = (i-C 2 /Ci)/,(Ci,C 2 ), (36) 
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where 



&(&,&) = (Ca/Ciy'x^ 

Then Theorem 12.11 can be written as 
1 



;9,*Cz/Ci 



i - C2/C1 

Setting 



/i(Ci,Ca) = E^(Ca/Ci) < , 

8=0 



we have a matrix equation 



1 



1 - C2/C1 



1(a) = CA(a)C-\ 



where 



C = (c 



ij )0<i ,j<ooi 



(sqV+H-^qt-^q)^^ 



(sq 2 i +1 } q; q)^ 







t l - J [i>j), 



(37) 



f(a)/i(Ci, C2) = A,(a)/,(Ci, Ca) (j = 0, 1, 2, ■ • ■)• (38) 



(39) 



(40) 

(41) 
(42) 



and s = s\/ $2- 

Let us examine the matrix CC~ l before we start to calculate CA(a)C _1 . 
It is not necessary, but this way of calculating the matrix multiplication may 
reduce our task a little. 



Proposition 2.8 We have 



CC 



-1 



/ 1 
1 1 
1 1 1 
1111 

V ; ; 



(43) 
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Proof. By using 



(*; q)i-j-i = (*;g)i-j (g r ,-iy 

(9;ff)*-i(r* w+1 *- 1 ;g)i w J ' 

(a^^r 1 ;?),^-^- 1 ;^ = (sq^+H^q), 
= (sq i+ ^;q) Jf*f^f q-^\ 



i 2i— I 

(sq^^qUsq^q)^ = i^_( ag *+-i-i ; ^ 



and 



l_ sq 2i-2l l _ s -l q -2i+2l 1 _ s -l g -2i 



1 - sq 2i - 1 1 - s-V 2i 1 - s- x g- 2l +' 
(s _ 2g _l+1 ) — s -2q-' i+1 J s^q^ 21 ; q) 



-i 



[s zq l ,—s \ s l q 2t+1 ;q) 



i -i 

-q , 
i 



we have 



^ ] Cjfc^fcj ^ ] Ci,i—ld>i—l,j 
k=j 1=0 

(sq^+j-^q-q)^ 
s -iq-2i^ _ s -3g- l + 1 ) gt -1 , s~ x q~ % ~H, q~ l+j 

s~zq~ i , —s~zq~ i , s _1 g~ 2 *t, g~ i +^+ 1 t~ 1 , s _1 g _l_J+1 

(s -l g -2i+l ig -i+j ;g ),_. 

1. 



^ij 6^5 



(7. 



Here, we have used Eq. (2.4.2) of GR [§]. 

Now we proceed to studying the matrix elements of Ch(a)C~ l . 
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Proposition 2.9 The nonzero entries for CA(a)C 1 are are given by 



(CA(a)C- v 



= Xi{a)d i:j (44) 
x 8 W 7 (s- l q- 2i - qt~\ s^q-'-H, as^ l q-\ a^s 2 q'% q~ i+j ; q, qT 1 ) 

fori > j, and (CA(a)C~ 1 ) ij = if i < j . 
Note that here we have used the compact notation 



8W 7 (ai; a 4 , a 5 , • • • , a r+1 ; q, z) 
( 



(45) 



r+Wr 



i i 

ai,qa% ,-qaf ,a 4 , 
i i 



af , -a{ , qai/ a 4 , • • • , gai/ a r+1 



for the very-well-poised r +i4>r series. 
Proof. From the identity 



A*-/ (a) 

(as 2 , q) 



i-l 



{as 2 1 qt 1 ,a %g; g), 
(as 2 , g). 



-(gt 



as 2 gt x ,a ^ig; q), 



(qt 



[a 1 s 2 q H,as 1 1 q t ;q) l 



of 



" 1 s 2 g _i+1 , asr 1 ? - *" 1 " 1 * -1 ; q) 



(qt 



Xi(a)- 



(a 1 s 2 q % t,ocs 1 1 q *;g); 



-(qt 



(a- 1 s 2 q- i +\asi 1 q~ i +H- 1 ;q) l 
and the calculation given in the proof of Proposition 12.81 we have 



LHS of Eq.(HU) = c ik Xk(a)dkj = Y c i,i-i^i-i( a )di-ij 

k=j 1=0 

= RHS of Eq.fjSJ). 



□ 

Then, one can apply Watson's formula (Eq. (2.5.1) of GR [Oj) to trans- 
form the above terminating %Wi series into a terminating balanced 4 03 series. 
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Proposition 2.10 We have 



-l. «V 



, (q- i+1 ,asi 1 q-\a~ 1 s 2 q- i t,q- i+ i N 



/or i > j. 



Finally, by using Sears' transformation (Eq. (2.10.4) of GR [9 ), we see 
that the coefficients {CK{a)C~ l )ij and are the same. 

Proposition 2.11 We have 

(CA(a)C-% = e l3 (47) 

for i > j . 

Proof. By using 

ft?)*-; =(-iy-n i -*q i ~ m 2~ j ~ 1) , 



(q-t+i+H- 1 ; q) 



i-3 



(a *g 2t+1 ;g)j-j , j+j (-^(w) 



2 

J 



(a x s 2 g _ (as 2 V ( ag 2 g)j , .-u-i+j 



(a !s 2 g (a^ 1 ;?); (as 2 V _1 ;?)j 



we have 



(as^q i+1 t 1 ;q) i -j (a 1 s 1 t;q) i (a 1 s 1 q;q) J 



(CA(a)Cr% 



Xi(a)d 



13 {a- 1 s 2 q- i + 1 , as^q-'+H- 1 - q)^ 
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□ 



We obtain Eq. (j38|) from Proposition 12.61 and Proposition 12. Ill Hence we 
have completed the proof of Theorem 12.11 

3 Properties of the Eigenfunctions 

We examine some basic properties of the eigenfunctions of 1(a) for general n. 
An explicit formua for all the eigenfunctions of 1(a) for n = 3 is conjectured, 
and a partial result is given for the case of n = 4. In these explicit formulas, 
no dependence on the spectral parameter a is observed. This supports our 
Conjecture 11.21 

3.1 existence of the eigenfunctions 

Let us study the existence of the eigenfunctions which form a basis of T n . 

Proposition 3.1 Let the parameters (s\, S2, ■ ■ ■ , s n ), a, q and t be generic. 
Let Ji,j2j • ■ ■ , jn-i be nonnegative integers. In the space T n , there exist a 
unique solution to the equation 



/ ( Q! )/ixja,-J»-i( 



(Ci,---, 



Cn) 



(48) 



31 J2,-"Jn-l 



Cn), 



with the conditions 



ji,J2,---,jn-i \\>l) * ' ' ) Sn 



(49) 
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and c i: . l: ,.....j„ : = 1, if and only if 



zs satisfied. Here jo = and j n = are assumed. 

Proof. Working with the dominance order, or the lexicographic order in 
the monomial basis 

1 <!<(!) 2 <-<MI<(!) 2 !<- 

we see the representation of the integral operation 1(a) becomes infinite lower 
triangular matrix. The explicit form of the action of 1(a) on a monomial is 
obtained by Lemma \2. 31 It reads 

/(a) 



n—l 



\_A J (CsY 2 / : 

Cli U 2 J Un-J 



II MO/0 



X 



II M aS r X 5 ^l,r H 1" ~ *V+l,r &n,r + jr-1 ~ jr) 



(l<i#m<n) 



V / ;> m \Sm, 



where we have used the notations Eq.([24p and 

Thus the lower triangularity is explicitly seen. It is easy to see that the 
diagonal elements are given by Eq.(|5L)p. by setting ki >m = and forgetting 
the factor Yli<j h>(Cj/d) m t ne above expression. Since all the diagonal entries 
are distinct if the parameters are generic, there is no obstruction for the 
construction of the eigenfunction. □ 
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By noting that 

/x(a; k + I) = yu(a; k)fx(aq k , I), 

it can be easily seen that all the eigenfunctions are related by shifting the 
parameters Sj suitably. 

Proposition 3.2 The eigenfunctions of 1(a) satisfy 

(Cl,"-,Cn) (51) 

n 

= IK/ : "(7,j ! •^•./; ) .o,.ok,. ••••(,,.). 

i/ere, jo = 0, j„ = are assumed, and the shift operator T q s . is defined by 

Tq, s , ■ g(si, ••-,«») = S-(si, • • • , qsi, ■ ■ ■ s n ). (52) 

We have constructed the set of eigenfunctions {fj lt j 2) --,jn-i(Cii ' ' " j Cn)} 
which forms a basis of T n . Note that, we have a good structure in the eigen- 
functions associated to the A n -\ root system. Namely, the relation between 
the leading term and the shifts in the parameters s\ are nicely organized by 
the A n _i roots a% = (—1, 1, 0, 0, • • •), a 2 = (0, —1, 1, 0, • • •) and so on. 



3.2 conjecture for n = 3 

Let us examine the eigenfunctions for n = 3 and argue that our Conjecture 
11.21 seems true for n = 3. We have not obtained a good enough understand- 
ing of 1(a) to be able to derive the eigenfunctions for n > 3 in a rigorous 
manner. Fortunately, however, a conjectural form of the eigenfunctions can 
be obtained for n = 3 by a brute force calculation up to certain degrees in 
^-variables. 

Conjecture 3.3 The first eigenfunction of the integral transformation 1(a) 
for n = 3 is given by 

io,o(Ci ; (2, C3) 

= £7 — (g r 1,gr / M; t , (w*3) fc (c 3 /ci) fc (53) 

t^a (<7, qsi/ s 2 , qs 2 / s 3 , qsxj s 3 ; q) k 

x n (i-c^)- 2 0if gfe+ ^ 



l<«<j<3 \ y J 
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Note that all the other eigenfunctions can be obtained by Proposition 13.21 

Since all the eigenfunctions given above clearly do not depend on the 
parameter a, this strongly supports Conjecture 11.21 for n = 3. 

3.3 partial result for n = 4 

For n = 4, the study of the eigenfunctions becomes much more difficult, and 
we have not completely understood the structure of them yet. So we give first 
several terms of the eigenfunctions to state our observation that Conjecture 
11.21 seems true for n = 4. 

Proposition 3.4 The first eigenfunction /o,o,o(Ci; C2 ; C3? C4) U P t° the powers 




(0 < h < 2,0 < i 2 < 2,0 < i 3 < 2), 



(54) 



is given by the following expression. 



/o,o,o(Ci) C2, C3? C4) 

2/0,0,0 + J/1,1,0 + 2/0,1,1 + 2/1,1,1 

+ 2/2,2,0 + 2/1,2,1 + 2/0,2,2 + 2/2,2,1 + 2/1,2,2 + 2/2,2,2 H , 



(55) 



where 



2/o,o,o 



^(0,0,0,0,0,0) 



(56) 




(57) 



(58) 



2/1,1,1 



(59) 
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CsCs / 2 sisA (gt- 1 ) 2 (gt- 1 ) 2 (t) 2 (t) 2 

1/2,2,0 = 7-r- g w 77 2 ' 2 > °' 2 ' °' ' 60 

C1C1 V S3S3/ (g) 2 (gsi 2 ) 2 (gs 23 ) 2 (gsi 3 ) 2 

C4C4 / 2 £2£2\ (gt' 1 ) 2 (gt' 1 ) 2 (t) 2 (t) 2 



2/0,2,2 = g 2 — ^ " 7 V " y(0,2,2,0,2,0), (61) 

C2C2 V S4S4/ (g)2(gs 23 ) 2 (gs34) 2 (gs 2 4) 2 

2/1,2,1 (62) 

= C3C4 / £i£2\ (gt- 1 ) 1 (gt- 1 ) 1 (gt- 1 ) 1 (t) 1 (t) 1 (t) 1 (g 2 s lg3 /g2g4)i 

C1C2 V s 3 s 4 / (g)i(gsi 2 )i(gs 23 )i(gs 3 4)i(gsi 3 )i(gs 24 )i(gsi4)i 

xip(l, 1,1, 1,1,1) 

, C3C4 / si£2\ (gt- 1 ),^- 1 )^?^ 1 )!^),^)!^)!^ 2 g 14 )l 

C1C2 v S3S4J (g)i(g)i(gsi2)i(gs2 3 )2(gs 34 )i(gsi 3 )i(gs 24 )i(gsi 4 )i 

xy?(l,2,l, 1,1,1), 

2/2,2,1 (63) 
= (3(4 ( £iM (^' 1 )i(^' 1 )i(^~ 1 )i(^)i(^)i(^)i(g 2 g2g 3 /gig4)i 
C1C1 v 5354/ (g)i(gsi2)i(gs2 3 )i(gs 3 4)i(gsi 3 )i(gs 24 )i(gsi 4 )i 
X(f(l, 1,1, 1,1,1) 

, C3C4 / aiaA (^-^.(gt-^^gt- 1 )!^),^)!^!^ 2 s 34 )i 

C1C1 V s 3 s 4 / (g)i(g)i(<?si 2 )2(gs2 3 )i(gs 34 )i(gsi 3 )i(gs24)i(gsi4)i 
xtp(2, 1,1, 1,1,1) 

| C3C4 / £i£i\ (gt- 1 ) 2 (gt- 1 ) 1 (gr 1 )i(t) 2 (t) 1 (t) 1 (g 2 

C1C1 V s 3 s 4 / ((?)i(g)i(gsi 2 )i(gs 23 )i(gs 3 4)i(gsi 3 ) 2 (gs 24 )i(gs 14 )i 
xy?(l,l,l,2,l,l) 

| C3C4 /_ Si£i\ (gt- 1 ) 2 (gt- 1 ) 2 (gt- 1 ) 1 (t) 2 (t) 2 (t) 1 (g 3 g 1 s 2 /g 3 g 4 )i 

C1C1 v S3S4/ (g)i(g)i(gsi2)2(gs23)2(gs34)i(gsi 3 ) 2 (gs 24 )i(gsi 4 )i 

xy?(2,2,l,2,l,l), 

2/1,2,2 (64) 
= C4C4 / £i£2\ (qt- l )i(qt- l ) 1 (qt- 1 ) 1 (t) 1 (t) 1 (t) 1 {q 2 s lS Js 2 s 3 ) 1 
C1C2 V S4S4/ (q)i(qs 12 ) 1 (qs 2 3)i(qs 3 4 : ) 1 (qs 13 ) 1 (qs24)i(qsu)i 
x<p(l, 1,1, 1,1,1) 

, C4C4 / si£2\ (^-^.(gr^^gt- 1 )!^),^)!^!^ 2 £12)1 

C1C2 V S4S4/ (g)i(g)i(gsi 2 )i(gs 23 )i(gs 3 4)2(gsi 3 )i(gs24)i(gsi4)i 
x<p(l, 1,2, 1,1,1) 

( ? £lM (^ 1 )2(^' 1 )i(^' 1 )i(^)2(t)i(t) 1 (g 2 S 13 )l 

C1C2 V S4S4/ (g)i(g)i(gsi2)i(gs2 3 )i(gs 3 4)i(gsi 3 )i(gs 24 ) 2 (gsi 4 )i 
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x^l, 1,1, 1,2,1) 

| C4C4 /_ si£2\ (gt- 1 ) 2 (gt- 1 ) 2 (gt- 1 ) 1 (t) 2 (t) 2 (t) 1 (g 3 s 1 s 2 /s 3 s 4 )i 

C1C2 V S4S4/ (g)i(g)i(gsi 2 )i(gs 23 )2(gs34) 2 (gsi3)i(gs24)2(gsi 4 )i 
x^(l,2,2,l,2,l), 



2/2,2,2 (65) 

= U^) '■fyMf -ft 0, 0, 0, 2, 2) 
C1C1 V S4S4/ (gMgsi 2 ) 2 (gs 24 ) 2 (gsi 4 )2 

+ ^ ^ y-'),far'),(»W 2 . 0> 2> 2> 0> 2) 

ClCl V S 4 S 4 / (g)2(gSl3)2(^34) 2 (gSi4)2 

| C4C4 / £isi\ (gt~ 1 ) 2 (gt- 1 ) 2 (gr 1 ) 2 (t) 2 (t) 2 (t) 2 (g 3 sig 2 /s 3 g4) 2 

ClCl V 5 4 S 4 / (g)2(gSl2)2(gS23)2(gS34)2(gSl3)2(gS24)2(gS M ) 2 

x^(2,2,2,2,2,2) 

| C4C4 /_ si£i\ (qt' 1 )i(qt- 1 ) 1 (qt- 1 ) 1 (t) 1 (t) 1 (t) 1 (q 2 S2S 4 /s 1 s 3 ) 1 

ClCl V S 4 S 4 / (g)l(gSl 2 )l(gS23)l(?S34)l(?Sl3)l(?S24)l(gSl4)l 

x<p(l, 1,1, 1,1,1) 

, C4C4 / gigA (gt- 1 )2(gt- 1 ) 1 (gr 1 ) 1 (t) 2 (t) 1 (t) 1 (g 2 s 23 )i 

C1C1 v 5454/ (9)1(9)1(9512)1(5523)1(9534)1(9513)1(5524)1(9514)2 

x<p(l, 1,1, 1,1,2) 

, C4C4 / gi£i\ (9t- 1 ) 2 (9t- 1 )i(9t~ 1 )i(t) 2 (t)i(t) 1 (9 2 5 2 i)i 

C1C1 v 5 4 s 4 / (9)1(9)1(9512)1(9523)1(9534)2(9513)1(9524)1(9514)1 

x<p(l, 1,2, 1,1,1) 

, C4C4 / £i£i\ (9t- 1 ) 2 (9t' 1 )i(9t' 1 )i(t) 2 (t) 1 (t) 1 (9 2 543)1 

ClCl V 5 4 S 4 / (g)i(p5)i(gSi2)2(p5S23)l(gS34)i(gSi 3 )i(gS24)l(5Sl4)l 

x<^(2, 1,1, 1,1,1) 

| C4C4 /_ £i£i\ (gt- 1 ) 2 (9t~ 1 )2(9^ 1 )i(^2(t)2(t)i(9 3 5152/5354)4 

C1C1 v 5 4 s 4 / (9)1(9)1(9512)1(9523)1(9534)2(9513)2(9524)1(9514)2 

x^(l, 1,2,2,1, 2) 

{ C4C4 (_ q ^l) (q^ 1 )2(qt~ r Hqt~ 1 HtUt) 2 (t) 1 (q 3 s 1 s 2 / S3 s A ) 1 

C1C1 v 5 4 s 4 / (9)1(9)1(9512)2(9523)1(9534)1(9513)1(9524)2(9514)2 

x^, 1,1, 1,2, 2) 

| C4C4 /_ Si£i\ 

C1C1 v 5 4 s 4 / 
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(q)2(qt- 1 )2( q t- i Hqt^) 1 (t) 2 (t) 2 (t) 1 

(?)l(?)l(?)l(?)l(9Sl2)2(gS23)l(?S34)2(gSl3)l(9S24)l(gSl4)l 

x^(2,l,2, 1,1,1). 
i/ere, we have used the notations s^- = Sj/s^, (a)& = (a; g)* and 

V^12, &23, &34, &13, &24, &I4) (66) 

= II C 1 - O/Ci) "201 /, '^iCr/Ci ■ 

We may convince ourselves that the above expression gives us an efficient 
way to produce correct coefficients for the eigenfunction. Furthermore, even 
the following can be observed. 

Conjecture 3.5 The expression for the first eigenfunction given in Propo- 
sition^^ gives correct coefficients for the powers ^/COMCs/^)* 2 ^^)* 3 
satisfying the conditions: 

0<h<oo, < i 2 < 2, < i 3 < oo, (67) 
or < i x < 2, < i 2 < oo, < i 3 < 2. (68) 

The author has extended the formula given in Proposition 13.41 for a little 
higher powers in Q's, and observed that there still exists a nice hypergeometric- 
like structure. At this moment, however, it is not clear how to organize the 
general terms, and we omit writing. 

In the first several terms of the eigenf unctions given in Proposition 13.41 
we do not see any dependence on the parameter a. Thus, Conjecture 11.21 is 
very likely true for n = 4. 

4 Concluding Remarks 

Let us summarize the results obtained in this paper. In Section 1, we have 
introduced the integral transformation 1(a), and it was conjectured that 1(a) 
generates a commutative family of operators acting on the space of formal 
series T n f Conjecture II .2|) . In Section 2, a proof of the commutativity for 
the case n = 2 was given ( Theorem 12. 1|) . In Section 3, the existence of the 
eigenfunctions for general n was studied, when all the parameters are generic 
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fProposition l3.1|) . Explicit formulas for the eigenfunctions were examined for 
n = 3,4 f Conjecture 13.31 and Proposition 13 .4|) . Since these eigenfunctions do 
not depend on the spectral parameter a of the integral transformation 1(a), 
it is expected that Conjecture II .21 is true for n = 3,4. 

Finally, let us make some comments to show the directions toward the 
next papers |H] . When we specialize the parameters as s% — s 2 — ■ ■ ■ — 
s n , there exist several phenomena which are interesting both from the hy- 
pergeometric series and the lattice model viewpoints. In a class of 
hypergeometric-type functions will be introduced, which is characterized by 
a certain covariant transformation property with respect to the action of 1(a) 
together with an initial condition given by an infinite product expression. To 
be more precise, by setting Si = s 2 — ■ • • — s n — 1, we will introduce a series 
F(a) = F(d, ■ ■ ■ , £ n ; a, q, t) 6 T n characterized by the conditions 

(I) I(aq-H) ■ F(a) = F(aq~H), (69) 

(ii) F (t^)= n (i-Ci/co ^^tf 00 - ^ 7 °) 

l<i<j<n \ l W 

This function F(a) will be called 'quasi-eigenfunction' for short. We are 
interested in the function F(a) because of the following observations: 

1. The explicit formula of F(a) for n = 2 can be easily derived 7\. Fur- 
ther, we are able to have a conjectural expression of F(a) for n = 3: 

i ? (Ci,C2,C 3 ;«,g,t) (71) 
~ (a-H,qt-\qt-\q) k ( k ( a~\ q~ k \ 

= £ (q,a-^a-^q) k ^ [ aq~^ 

1<«<J'<3 \ « y / 

2. We may find a variety of infinite product expressions for F(a) when we 
suitably specialize the parameter a. Simplest examples among these 
are: 

F(- t ^)= n (i-o/o) ( 7!^^ ;f°° , (72) 

l<i<j<n V 1 Sj/St>q)oo 

F(t)= n (l-Ci/Ci) ^/^ 00 - (73) 

stcp2 
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Here, we have used the notation ]Ji<i<i<n = /13/15 • • • J '24/26 ■ ■ •■ 

step 2 

3. The highest-to-highest matrix elements of the eight- vertex vertex op- 
erators can be realized as 



(*(&)*&.)•••*(£>)> (74) 



2/ <? 

l<i<j<n 

where 



n£{Cj/diPiQ) > 1 1/2 \ 

!_/■■//-. •■ F (Ci,---,Cn;-i,p / 



> _ (g 2 *;p, q 4 )oo(pq 2 z;p, g 4 )^ 



One finds that the integral formulas of the matrix elements of the vertex 
operators for the cases p 1 ^ 2 = g 3//2 and p 1 ^ 2 = —q 2 given in pQ can be easily 
recovered from the above properties of F(a). Note, however, the case p x l 2 = 
q 3 corresponds to another type of product formula for F(a) which is not 
given here. 

In the continuation of the present work |H], basic properties of the 
quasi-eigenfunction F(at) will be discussed. 
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